These are slides for a talk given by the authors at the conference "Current developments and directions in the Langlands program" held in honor of Robert Langlands at the Northwestern University in May of 2008. The research program outlined in this talk was realized in a series of articles [1]- [4] . The orbit method for unipotent groups in positive characteristic is discussed in [1] . The results on character sheaves discussed in parts I and II of this talk are proved in [3] . The results described in part III are proved in [2] and [4] ; the former studies L-packets of irreducible characters and the latter is devoted to the relationship between characters and character sheaves on unipotent groups over finite fields.
[1] M. Boyarchenko A geometric approach to representation theory for unipotent groups: orbit method (Dixmier, Kirillov and others; late 1950s -early 1960s). Does not work in characteristic p > 0 unless additional assumptions on the group are made.
The geometric approach to studying irreducible representations of groups of the form G(F q ), where G is a reductive group over F q , is at the heart of Deligne-Lusztig theory (1970s) and Lusztig's theory of character sheaves (1980s).
In 2003 Lusztig explained that there should also exist an interesting theory of character sheaves for unipotent groups in char. p > 0.
We will outline a theory that combines some of the essential features of Lusztig's theory and of the orbit method.
Part I. Definition of character sheaves
Some notation X = a scheme of finite type over a field k G = an algebraic group over k ℓ = a prime different from char k
, the bounded derived category of constructible complexes of Q ℓ -sheaves on X Given a G-action on X, one can define D G (X), the G-equivariant derived category.
In this talk we will mostly be concerned with D G (G), defined on the next slide, where G acts on itself by conjugation.
The category D G (G)
is monoidal, and D G (G) is braided monoidal, with respect to convolution (with compact supports):
(Recall that a braiding is a certain type of a commutativity constraint.)
Idempotents in monoidal categories
(1) A weak idempotent in a monoidal category (M, ⊗, ½) is an object e such that e ⊗ e ∼ = e.
(2) A closed idempotent in M is an object e such that there is an arrow π : ½ −→ e, which becomes an isomorphism after applying e ⊗ − as well as after applying − ⊗ e It is more convenient to work with the second notion, because it is much more rigid (e.g., π is unique up to a unique automorphism of e).
In each of the two contexts, we have the notion of the Hecke subcategory eMe. If e is closed, eMe is monoidal as well, with unit object e.
When M is additive and braided, we can also talk about minimal (weak/closed) idempotents. Typically (e.g., in this example) there are many weak idempotents that are not closed.
3.
Orbit method: k = k, char k = p > 0; G = connected unipotent group over k; assume G has nilpotence class < p; form g = Log G and g * = Serre dual of g Then G acts on g and g * , and we can consider
which yields a bijection between minimal weak idempotents in D G (G) and G-orbits in g * .
Note that the G-orbits in g * are all closed (as G is unipotent). Hence all minimal weak idempotents in D G (G) are closed as well.
In fact, the last statement remains true for any unipotent group G over k.
Character sheaves and L-packets k = an algebraically closed field of char. p > 0 G = an arbitrary unipotent group over k Pick a minimal closed idempotent e ∈ D G (G). Note that eD G (G)e = eD G (G). Consider
Definition. The L-packet of character sheaves associated to e is the set of indecomposable objects of M (2) For any such pair (H, χ), Mackey's criterion states that ρ H,χ is irreducible ⇐⇒ ∀ γ ∈ Γ \ H,
The notion of a 1-dimensional representation, the operation of induction, and the two results stated above, have geometric analogues. This is what the second part will be about.
1-dimensional character sheaves
A geometrization of the notion of a 1-dimensional representation is provided by the notion of a multiplicative local system. G = an algebraic group over a field k ℓ = a prime different from char k µ :
If G is connected and unipotent, and
A more canonical viewpoint
Fix an embedding ψ :
Now let G be an algebraic group over a field k of char. p > 0. We have the functors
If G is connected and unipotent, they induce bijections on isomorphism classes of objects.
So we will study central extensions by Q p /Z p in place of multiplicative local systems. The composition of the two functors will be denoted by χ −→ L χ .
Serre duality k = perfect field of char. p > 0 G = connected unipotent group over k
The Serre dual of G is the functor Part III. Relation to characters L-packets of irreducible characters F q = finite field with q elements G 0 = connected unipotent group over
Fr-stable L-packet of character sheaves on G (equivalently, the corresponding minimal idempotent e ∈ D G (G) satisfies Fr * e ∼ = e)
For each M ∈ P Fr , form the corresponding function t M : G 0 (F q ) −→ Q ℓ (it is well defined up to rescaling).
We define a set P ′ of irreducible characters of G 0 (F q ) as follows: ω ∈ P ′ ⇐⇒ ω lies in the span of the set of functions t M M ∈P Fr .
We call P ′ ⊂ G 0 (F q ) the L-packet of irreducible characters defined by the Fr-stable L-packet P of character sheaves.
Theorem. Every irreducible character of G 0 (F q ) over Q ℓ lies in an L-packet as defined above.
There exists a description of L-packets of irreducible characters of G 0 (F q ) in terms of admissible pairs for G 0 , which is analogous to the statement we discussed earlier, but is independent of the theory of character sheaves.
This description plays an important role in the proof of the last theorem.
Description of L-packets of characters
Let G 0 be a connected unipotent group over F q , and consider all pairs (H, χ) consisting of a connected subgroup H ⊂ G 0 and an element χ ∈ H * (F q ) such that (H ⊗ F q F q , χ ⊗ F q F q ) is an admissible pair for G = G 0 ⊗ F q F q . Two such pairs, (H 1 , χ 1 ) and (H 2 , χ 2 ), are geometrically conjugate if they are conjugate by an element of G(F q ).
Let C be a geometric conjugacy class of such pairs. For an irrep ρ of G 0 (F q ) over Q ℓ , we will write ρ ∈ P C if there exists (H, χ) ∈ C such that ρ is an irreducible constituent of Ind
Theorem. The P C are exactly the L-packets of irreducible characters of G 0 (F q ).
It could happen that C 1 = C 2 and P C 1 = P C 2 .
